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Abstract. We consider the constraints of the Slavnov- Taylor identity of the IR be- 
^ | haviour of gluon and ghost propagators and their compatibility with solutions of the 

ghost Dyson-Schwinger equation and with the lattice picture. 

PACS. PACS-key discribing text of that key - PACS-key discribing text of that key 

o 

, 1 Introduction very natural and the futhcr work of [7] made it 

"■-^ ' even less plausible. 

I In view of the very general validity of the 

In ref. E we have considered the constraints WSTI this situation is rather embarrassing and 
Ph! on the propagator dressing functions which can wc wish to reconsider the problem. In the follow- 

be derived from the Ward-Slavnov-Taylor iden- in S> we wiU re-analyse the problem and clarify 
tity (WSTI) -supplemented with some minimal the working hypotheses to conclude either that 
assumptions on the analytic behaviour of the thc S luon propagator diverges U or that some of 
former and of the vertex form factors- and we these hypoteses should fail, 
were confronted with a contradiction between 
' them and the ones that stem from thc Dyson- n . . , . . . . . . . 

Schwinger equation. The analysis of the ghost 2 Notations and main hypotheses 

propagator Dyson-Schwinger equation seems to Wc usc the following notations [T]: 
indicate that only a non-divergent gluon can match 
the lattice picture for the infrared behaviour of ( p(2) 

) ab (k 2 ) = -6 ab F ^ 



Landau gauge Green functions. On the other V J ' k 2 
hand, WSTI seems to require that thc gluon / ( 2 )\ ab , 2 \ cab ^(^ 2 ) ( ^^v\ 
propagator diverges while the ghost dressing func- [ c" ) ( ) — ]3 ( v v yp. J ' 

tion should be finite and non- vanishing. In that , , 

ref. [I] we proposed, as a possible way out, that ^ ' 

the ghost-gluon vertex function was singular (which 1 Although softly enough as not to contradict the 

does not contradict Taylor's theorem contrary to apparent finiteness previously stated from lattice 

frequent claims). That hypothesis did not look data. 
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where and are respectively the gluon 
and ghost propagators, G and F are respectively 
the gluon and ghost dressing functions. The ghost- 
gluon vertex r^(j>,k]q) (k and — p are the mo- 
menta of the incoming and outgoing ghosts and 
q the gluon momentum) is defined as follows: 



r« bc ( P , k; q) = .9oHp,)/ a6c r„>, k- q) 



(2) 



It will be also useful to define the following scalars 
Hi and H2: 

^(-q, k\q-k) = q^Hi(q, k) + (q - k) fJ ,H 2 (q, k) 

(3) 

that, after applying the standard tensor decom- 
position [5], 



one vanishing gluon momentum while the two 
others remain finite. Such a limit deserves a care- 
ful analysis in the framework of WST identities 
because of the interplay of gluon and ghost prop- 
agator singularities and those of scalar functions 
in the decomposition [3] . When one of the mo- 
menta is zero the three-gluon vertex reduces to 
(cf. ref. [5]): 

r\^(q, -q,0) = 

(2<5a m <7^ - S Xv q l _ l - 6 vll q\) Ti(q 2 ) (7) 

For our purposes here, we will only assume that 
the limit of one vanishing gluon momentum can 
be safely taken, i. e. 0: 



r vft {p,k;q) 

+p v q^c{p, k\ q) 



<5^a(p, fc; q) - q v k^b(p, k; q) 
q,yP^d(p, k; q) + PuP^p, k;q)) , 

(4) 



r Xfi u(q-r,-q,r) = r x ^(q, -q, 0) +o(l). 



(8) 



could be written as follows: 

3 WSTI and IR propagators 

Hi(q, k) = a(-q, k;q- k) - q 2 (b(-q, k; q - k) 

+ d{-q, k; q-k) + e(-q, k;q- k)) The War d-Slavnov-Taylor (0) identity for the 

H 2 (q, k) = q 2 (b(-q, k;q- k) - c(-q, k\q — k)) ; three-gluon function reads 

(5) 

We can at this point make our first hypoth- p X F\ fll/ (p, q, • 
esis: the scalar factors present in that decompo- 
sition are regular when one of their arguments 
goes to zero while the others are kept finite. 
Thus, we suppose that 



(S^r 2 - r A r t/ )r , A/i (r,p; g) 



F(p 2 ) 
G(r 2 ) 

G{q 2 ) ^ ~ qxq ^> Fxu ^ q ' P;r >- 

(9) 



a(—r, r —p;p) = a 1 (p 2 ) + 0(p ■ r) 



(6) 



and the same for the other scalars in the particu- 
lar kinematic configurations we shall encounter. 
We adopt the notations: a,i(p 2 ), bt(p 2 ), ct(p 2 ) and 
so on; where the subindcx i means that their i-th 
argument is a zero momentum. 

The most general tensorial decomposition of 
the three-gluon vertex, (of course, the anti- 
symmetric color tensor f abc is factorised) is given 
in ref. [3]. We will be interested in the limit of 



We shall now study the behaviour when r — > 
while keeping q and p finite and apply decompo- 
sitions l|2|?p and the hypotheses (|6l8p to replace 
the vertices in Eq. Then, if one only retains 



2 It is shown in [3], on a perturbative basis, that 
the vertex remains finite when one takes the limit 
r — > while keeping the two other momenta fixed. 
Our hypothesis amounts to assuming that this result 
survives beyond perturbation theory. 
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the leading terms, STI reads 

T i(q 2 ) {iiiiv - <? 2 <W) + q 2 q^q v T 3 (q 2 ) 

^V^w.,, _ rr) 



G(r 2 ) 



M<T) 



+ h(q 2 K - (q ■ r >v) + °( r2 )} 



F(q 2 ) 
G(q 2 ) 



a 3 {q 2 ) (q^qu - q 2 6fjv) + o(l)] 



oiq < 1 is to be concluded. Another attractive 
possibility would be to suppose an infrared be- 

o(l)haviour less divergent than any power as, for in- 
stance, that of the form : G(p 2 ) ~ p 2 log^p 2 ) for 
some positive v. This will be considered in more 
detail in a forthcoming paper [3]. 

We can also, instead of letting r — > 0, study 
now the behaviour when p — ► of Eq.@ as is 

(10)done in [5]. The dominant part of the l.h.s. of (J9j) 
reads: 



Thus, if one multiplies both l.h.s. and r.h.s of 
this Eq. (flQ]) by r v , we obtain: 



(11) 
o(r ■ q) ; 



(26fj.vP.q- P^qv -PuQn) a 3 (q 2 ) 



Ti(q 2 ){qfj (q-r)-q 2 rfj) 
+ q 2 q„(q-r) T 3 (q 2 ) + o(r ■ q) 
F(q 2 ) 



F(q 2 ) 

G(q 2 ) 



q^qv 



)(p.q)T 2 (q 2 ) ■ (15) 



G(q 2 



a 3(q ) {q»(q ■ r) 



q 2 Tv) 



where the first term of r.h.s. of Eq. (fTUl) vanishes 
because it is transverse to r v . Thus, by identify- 
ing both r.h.s and l.h.s of Eq. (fTTj) , one is led to 
the familiar relations (0): 



Tl(q 2 ) 
T 3 (q 2 ) 



F(q 2 ) 
G(q 2 ) 
. 



a 3 (q 2 ) 



(12) 



Now, let us multiply both r.h.s and l.h.s. of Eq. (fTU|) 
by q^ and apply that T3 has been seen to be ex- 
actly in Eq. (fT2|) and we obtain then: 



where the results in Eq. (JT2J) have been imple- 
mented. Let us now multiply both sides with g M 
and keep only the leading terns in p and one ob- 
tains : 

(qv(p-q)-q 2 Pv)a 3 (q 2 )F(q 2 ) = 

(qv( P ■ q) - q 2 Pv)F(p 2 )(a 2 (q 2 ) - q 2 d 2 (q 2 )) 

+0(p 2 ) (16) 

that of course can be true only if F(p 2 ) goes to 
some finite limit when p 2 — > and whence, in 
terms of scalars, 



F(q 2 ) q 7Z F(0) 



a 2 (q 2 ) - q 2 d 2 (q 2 ) 
a 3 (q 2 ) 



(17) 



F(q 2 ) 
G(r 2 ) 



(ai(q 2 



Qv 



q 2 bi(q 2 )) (13) 
0(1)] = 0(1) . 



Thus, if ai(q 2 ) ^ or bi(q 2 ) ^ (and, in- 
deed, one knows from perturbation theory that 
at large momenta a\ = 1, cf. |51[S]) ^ implies 



lim 

r— »0 



G(r 2 ) 



00 



(14) 



or, in other words, that the gluon propagator 
diverges in the infrared limit. If we stick to 
the commonly accepted idea that G behaves as 
a power m the infrared (G(p 2 ) ~ (p 2 ) a °) then 



where a 2 /a 3 — > 1 as q 2 — > [5]. 

Let us repeat here that all these considera- 
tions are valid only when our regularity hypothe- 
ses about the ghost-gluon scalar factors and about 
the three-gluon vertex (see (|6I8|) ) are satisfied. 
Under those hypotheses one obtains important 
constraints on the gluon and ghost propagators 
- namely that they are divergent in the zero mo- 
mentum limit. Let us now briefly analyze the 
ghost propagator Dyson-Schwingcr equation (GPDSE). 



4 Ghost DSE: the case c\f = 

In a previous paper (the first one of ref. pQ) 
we studied all the classes of solutions for the 
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GPDSE, that can be pictured, in diagrammatic will initially use the common, convenient, but 
form, as: not really justified assumption of a power-law be- 

haviour of the propagators in the deep infrared: 



{F ab (q 2 ))' 



\ tree 




'k 2 



'k 2 



(19) 



We shall not repeat here the details of our scal- 
ing analysis of Eq. (|18[) and simply summarize 
our conclusions in the following 2 tables. It is of- 
ten claimed, after the study of the GPDSE, that 
Let us first recall that the unsubtracted GPDSE2of + a G = 0. In fact, as can be seen in next 
is actually meaningless since the integral in its tab.[IJ this results emerges only Q after assuming 
right hand side is UV-divergent, behaving as / dq 2 ^ 4 Sl%{^(4Wf«g^}"P 8&iM bly) a F = -1. 
A way out of this difficulty would be to renor- 
malise the equation to deal properly with its 
UV divergencies. Instead of that, we preferred 
to study the following subtracted version of bare 
GPDSE equation for two scales AA; and n\k (see 
Eq.(14) of the first paper quoted in ref. p]) with 
k the external ghost momentum and k some fixed 
number (< 1). A is an extra parameter that we Table ± _ Constraints imposed by the GPDSE to the 
shall ultimately let go to m order to study critical be haviour of ghost and gluon propagators 
the mfared behaviour of the GPDSE. This sub- for the case ap _l The second column shows the 
tracted version of the GPDSE reads (see Eq.(14) behaviour on A (A -> 0) of Eq. JTHJ's r.h.s., while 
of the first paper quoted in ref. p]): i.h.s. behaves as (A 2 ) _0iF . 



a F / 



Q-F + OLG 


r.h.s. 


constraint 


> 1 


A 2 


Qjf = — 1 


= 1 


X" log A 


excluded 


< 1 


(A / ) a - Fi " aG 


2qf + ao =0 



9bN c 



(k ■ q y 



F{Xk) F(nXk) 

A (F(q 2 ) 
(2tt) 4 V q 2 V 
G((q- Xk) 2 )Hl{ qi Xk) 



(18) 



{q-Xkf 



- (A -> kX) 



where H\ is the particular combination of the 
scalars defined in Eq. (|2|) playing the GPSDE 
game. Furthermore, a proper dimensional analy- 
sis of Eq. (fT5)) requires to cut the integration do- 
main in its r.h.s. into two pieces by introducing 
some additional scale q 2 (of the order of ^1q CD ). 
Clearly the external momentum is not the only 
relevant scale in the problem and Aqcu, with- 
out which it would not be understandable that 
the UV behaviour differs drastically from the IR 
one, must be taken into account. A careful di- 
mensional analysis of the integrals extended over 
both domains, q 2 > q 2 and q 2 < q 2 , is manda- 
tory pp. In the second one -and only there- we 



However, if ap = another solutions are also 
compatible with GPDSE (see tab.©. 

Some recent lattice results seem to exclude 
the standard (2ac + «f = 0)-solution [HE]. If 
one admits these results (lattice also discards 
ap = —1), then one is led to conclude that 
GPDSE implies a F = 0. 

Furthermore, it was shown in ref. [2] that the 
r.h.s. of Eq. (|18|) is the sum of two terms be- 
having respectively as A 2Mi "(°f+ Q G+ tt ^ 1 ) anc i A 2 
when A — > 0. So it behaves as A 2 when a F = 0. 
Then, one can proves that for any k there is a 



3 The analysis done in [I] missed some possible 
solutions (for instance, the case a F = 0, qg < 1) 
mainly because of the fact that we had rejected 
the possibility of non-analytic sub-dominant terms 
in the dressing functions 

4 The regularity of the ghost-gluon vertex is also 
needed as was discussed in [Tj. 
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OtF = 



a F + etc 


r.h.s. 


constraint 


> 1 


A" 


F(q z ) = A + Bq z 


= 1 


\ z log A 


F(q z ) = A + Bq z logg" 


< 1 




F(q") =A + Bq zaG 



Table 2. The same constraints analysed in tab. [T] 
but here for of = 0. The l.h.s. of Eq. (JTHJ behaves 
now as the next-to-leading term of the deep infrared 
expansion of F(q 2 ) (third column). 



0.3 ap 0.5 0.7 



Fig. 1. F(p) from a SU(2) simulations on a 48 4 lat- 
tice at P = 2.3 



value of A and c such that 



1 



1 



'F(Afc) F( K n Xk) 



< c- 



1 



(20) 



So F — > oo when A — > is excluded because 
taking the limit of the above expression when 



oo we should have 



< C-; 



-X 2 and 



F(Afc) I — "1 

F would diverge as or more rapidly than -p- im- 
plying aF < —1 in contradiction with the hy- 
pothesis ap = 0- Let us remark that F — ► 

< 



is also excluded: Eq. (f2TJ)) implies 



cannot tend to 



F(Afc) I 1 " 1-k 2 " F{K n \k) 

infinity when n — > oo. It should be emphasized 
that the dimensional analysis driving to Eq. (|20|) 
is also valid if F(q 2 ) is admitted to behave in 
a way other than a power. Thus, if a leading 
power behaviour is discarded for the ghost 
dressing function, it has to be finite and 
^ in the IR limit. 




Fig. 2. F 2 G from lattice simulation for SU(2) (32 4 
and 48 4 ,/3 S[ /( 2 ) = 2.3) gauge groups. 2a F + «g = 
implies a constant in the infrared domain. 



5 conclusion 

We derive from the Ward-Slavnov- Taylor iden- 
tity for the three-gluon and ghost-gluon vertices, 
after assuming their regularity that gluon prop- 
agator diverges and ghost dressing function re- 
mains finite as the momentum goes to zero. A di- 
mensional analysis of the GPDSE, provided that 
we trust the lattice results excluding 2ap+ac 
[T][7] and ap = — 1, leads to conclude indepen- 
dently that the ghost dressing function remains 
finite at zero momentum [2] (see tabs. 1112) ). Both 
GPDSE and WSTI constraints will offer com- 
patible solutions provided that one admits non- 
analytic sub-leading terms for the low momen- 
tum expansion of dressing functions. 

On the other hand, such a solution respect- 
ing WSTI and GPDSE constraints still match 
in the present picture of lattice knowledge about 
the IR behavior of propagators and vertices. The 
current simulations of ghost-gluon vertex seems 
to discard 2cxf + Qg = but those of ghost and 
gluon propagators cannot yet exclude or con- 
firm the smooth divergences we propose as a way 
out HH9] (as an example, see Fig.[T]from ref. [2] 
or Fig. [2] from ref. [T]). A non-power behaviour 
(logarithmic, for instance) could be specially elu- 
sive for lattice extrapolations at infinite volume. 
Of course, new simulation results on bigger lat- 
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tice volumes (or with twisted boundary condi- 
tions and careful extrapolations will be very 
welcome to dig into this matter. 

This is a very interesting task to be acom- 
plished, because either such a logarithmic (or 
similar) behaviour is found or one is led to con- 
clude that the tensorial decomposition of ghost- 
gluon or thrce-gluon vertex admits non-regularities. 
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